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» two sorts Int and Bool with Valjx = Z and Valgeo = {L, T}
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LCTRS
sum(x) - 0 [x < 0] sum(x) — x+sum(x—1) [x > 0]

two sorts Int and Bool with Valj, = Z and Valgeo = { L, T}
signature Fi +, — :Int x Int — Int <, > :Int x Int — Bool .., —1,0,1,--- 1 Int

signature Fie sum : Int — Int

substitution o respects constrained rewrite rule p: ¢ — r [p] if

@® Dom(c) C Var(p)
@ o(x) € Val forall x € LVar(p) = Var(¢) U (Var(r) \ Var(¥)) (logical variables)
® [eo]l=T
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signature Fie sum : Int — Int

substitution o respects constrained rewrite rule p: ¢ — r [p] if

@® Dom(c) C Var(p)
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notation: o F p
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s —p t if there exist

@ position p in s
@ rewriterule £ —r [@] in Ry
® substitution o

such that s|, = lo, t = s[ro], and 0 E ¢ —r [¢]
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s —p t if there exist

@ position p in s
@ rewriterule £ —r [@] in Ry
® substitution o

such that s|, = lo, t = s[ro], and 0 E ¢ —r [¢]

LCTRS R = {sum(x) — 0 [x < 0], sum(x) — x+sum(x —1) [x > 0]}
rewrite step sum(3 — 1) —x sum(2)

position 1

calculationrule x3—x2 =y [y =x1—Xx2]

substitution oc={x1—=3,x2—~1,y—2}
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Definitions

» overlap of LCTRS R is triple {p1,p, p2) such that
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Definitions

» overlap of LCTRS R is triple {p1,p, p2) such that
@ p1:61—n [p1] and pa: b — > [p2] are variable-disjoint variants of rules in R
p € Posz(42)
¢, and 43|, unify with mgu o such that o(x) € Val UV forall x € LVar(p1) U LVar(pz)

w10 N\ @0 is satisfiable

@ ® @ ®

if p = € then p; and p, are not variants or Var(ry) ¢ Var(¢y)
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» lro[rnolp = o [0 A g0 A o] is induced constrained critical pair
» EVar(l —r [¢]) = Var(r)\ (Var(¢) U Var(yp)) is set of extra variables
» = EC,, NEC,, where EC, with p: £ —r [¢] abbreviates A {x = x| x € EVar(p)}
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Definitions

» overlap of LCTRS R is triple {p1,p, p2) such that

®
®
®
@
®

v

v

v

v

p1: 0y — 1 [p1] and pa: o — > [z ] are variable-disjoint variants of rules in R

p € Posz(42)

¢, and 43|, unify with mgu o such that o(x) € Val UV forall x € LVar(p1) U LVar(pz)
w10 N\ @0 is satisfiable

if p = € then p; and p, are not variants or Var(ry) ¢ Var(¢y)

lolnolp, = ro [pi10 A g0 A o] is induced constrained critical pair

EVar(L —r [¢]) = Var(r)\ (Var(£) U Var(yp)) is set of extra variables

v = EC, NEC,, where EC, with p: £ —r [¢] abbreviates A {x = x| x € EVar(p)}
substitution o respects constraint ¢ (o F ¢) if o(x) € Val for x € Var(¢) and [po] =T
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inn:



Definitions

» overlap of LCTRS R is triple {p1,p, p2) such that

®
®
®
@
®

v

v

v

v

p1: 0y — 1 [p1] and pa: o — > [z ] are variable-disjoint variants of rules in R

p € Posz(42)

¢, and 43|, unify with mgu o such that o(x) € Val UV forall x € LVar(p1) U LVar(pz)
w10 N\ @0 is satisfiable

if p = € then p; and p, are not variants or Var(ry) ¢ Var(¢y)

lolnolp, = ro [pi10 A g0 A o] is induced constrained critical pair

EVar(L —r [¢]) = Var(r)\ (Var(£) U Var(yp)) is set of extra variables

v = EC, NEC,, where EC, with p: £ —r [¢] abbreviates A {x = x| x € EVar(p)}
substitution o respects constraint ¢ (o F ¢) if o(x) € Val for x € Var(¢) and [po] =T

» constrained equation s &~ t [¢] is trivial if so = to for every substitution o with o F ¢
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» LCTRS R

f(x) = 9(y) aly) - a [y =yl
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» LCTRS R

f(x) = 9(y) aly) - a [y =yl

» constrained critical pair
9y) = 9(2) [y=ynrz=2z]
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» LCTRS R

f(x) — a(y) gly) »a [y=yvy]

» constrained critical pair
ay) = 9(z) [y=ynrnz=2z]

is joinable because y and z are restricted to values
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» LCTRS R
f(x) — a(y) gly) »a [y=yvy]

» constrained critical pair
ay) = 9(z) [y=ynrnz=2z]

is joinable because y and z are restricted to values

Theorem

(local) confluence is decidable for finite terminating TRSs
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» LCTRS R
f(x) — a(y) gly) »a [y=yvy]

» constrained critical pair
ay) = 9(z) [y=ynrnz=2z]

is joinable because y and z are restricted to values

Theorem

(local) confluence is decidable for finite terminating TRSs

Theorem

(local) confluence is undecidable for finite terminating LCTRSs

M universitat . .
B universitdt - \wc 2024 9july 2024 ex¥re 3. Critical Pairs oo



» LCTRS R
f(x) — a(y) gly) »a [y=yvy]

» constrained critical pair
ay) = 9(z) [y=ynrnz=2z]

is joinable because y and z are restricted to values

Theorem

(local) confluence is decidable for finite terminating TRSs

Theorem (1JCAR 2024)

e

(local) confluence is undecidable for finite terminating LCTRSs %
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IWC Quiz ©

which years was CoCo not part of IWC ?
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IWC Quiz ©

which years was CoCo not part of IWC ?

who published the second most papers at IWC (excluding CoCo tool papers) ?
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4. Undecidability
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Reduction from PCP

» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with 041,...,(1/\1.,/31., ...,/))N € {0,].}7L
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Reduction from PCP

» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with 041,...,(1/\1.,/31., ...,/))N € {0,].}7L
» «; # (j foratleastone je {1,...,N}
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Reduction from PCP
» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with aq, ...,(JzN.,ﬁl., ...,ﬂN € {0, ].}TL
» «; # (j foratleastone je {1,...,N}

» encode candidate strings over {1,...,N} as natural numbers
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Reduction from PCP
» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with aq, ...,OzN.,ﬁl., ...,/)7/\/ € {0, ].}TL
» «; # (j foratleastone je {1,...,N}

» encode candidate strings over {1,..., N} as natural numbers:
[e] =0
ligiy - - fc] = N- [i1 - dx] +fo
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Reduction from PCP
» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with aq, ...,OzN.,ﬁl., ...,/)7/\/ € {0, ].}TL
» «; # (j foratleastone je {1,...,N}

» encode candidate strings over {1,..., N} as natural numbers:
[e] =0
lioi---ik] = N - [ix---ik] +io = io + i1 - N+ +ix- N
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Reduction from PCP
» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with ag, ...7(1N7ﬁ17 ...,/))N S {0 ].}TL
» o # [ foratleastoneic {1,...,N}

» encode candidate strings over {1,..., N} as natural numbers:
[e]=0
lioi -+ -ik] = N - [ix---ik] +io = io + i1 - N+ +ix- N

N=3 [3313]
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Reduction from PCP
» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with ag, ...7(1N7ﬁ17 ...,/))N S {0, ].}TL
» «; # (j foratleastone je {1,...,N}

» encode candidate strings over {1,..., N} as natural numbers:
[e]=0
lioi -+ -ik] = N - [ix---ik] +io = io + i1 - N+ +ix- N

N=3 [3313] = 3-[313] + 3
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Reduction from PCP
» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with ag, ...7(1N7ﬁ17 ...,/))N S {0, ].}TL
» «; # (j foratleastone je {1,...,N}

» encode candidate strings over {1,..., N} as natural numbers:
[e]=0
lioi -+ -ik] = N - [ix---ik] +io = io + i1 - N+ +ix- N

N=3 [3313] = 3-[313] + 3 [13] = 3-[3] +1
[313] = 3-[13] +3 [3] =3-[e]+3
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Reduction from PCP
» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with ag, ...7(1N7ﬁ17 ...,/))N S {0, ].}TL
» «; # (j foratleastone je {1,...,N}

» encode candidate strings over {1,..., N} as natural numbers:
[e]=0
lioi -+ -ik] = N - [ix---ik] +io = io + i1 - N+ +ix- N

N=3 [3313] = 3-[313] + 3 = 102 [13] = 3-[3]+1 =10
[313] = 3-[13] +3 = 33 [3]=3-[e]+3=3
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Reduction from PCP
» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with ag, ...7(1N7ﬁ17 ...,/))N S {0, ].}TL
» «; # (j foratleastone je {1,...,N}

» encode candidate strings over {1,..., N} as natural numbers:
[e]=0
lioi -+ -ik] = N - [ix---ik] +io = io + i1 - N+ +ix- N

N=3 [3313] = 3-[313] + 3 = 102 [13] = 3-[3]+1 =10
[ ]=22 [313] = 3-[13] +3 = 33 [3]=3-[e]+3=3
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Reduction from PCP
» PCP instance P = {(al,ﬁl),...,(aN,ﬁN)} with ag, ...7(1N7ﬁ17 ...,/))N S {0, ].}TL
» «; # (j foratleastone je {1,...,N}

» encode candidate strings over {1,..., N} as natural numbers:
[e]=0
lioi -+ -ik] = N - [ix---ik] +io = io + i1 - N+ +ix- N

N=3 [3313] = 3-[313] + 3 = 102 [13] = 3-[3]+1 =10
[112] = 22 [313] = 3-[13]+3 = 33 [3]=3-[e]+3=3
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Reduction from PCP
» PCP instance P = {((11,/31)7...,(0(/\/,/3/\1)} with ag, ....,(JzN.,ﬁl., ...,/))N S {0 ].}TL
» «; # (j foratleastone je {1,...,N}

» encode candidate strings over {1,..., N} as natural numbers:
[e]=0
lioi -+ -ik] = N - [ix---ik] +io = io + i1 - N+ +ix- N

N=3 [3313] = 3-[313] + 3 = 102 [13] = 3-[3]+1 =10
[112] = 22 [313] = 3-[13]+3 = 33 [3]=3-[e]+3=3

mapping [-] is bijection between N and candidate strings over {1,...,N}, foreach N >0

AM_
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LCTRS Rp over theory Ints

u ﬁw"r;;/g;alctl?t IWC 2024 9 july 2024 Lo Y 4. Undecidability 17/40



LCTRS Rp over theory Ints
» values Val = B U Z and theory symbols Fi, = {>,+,-, =, A} U Val
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LCTRS Rp over theory Ints
» values Val = B U Z and theory symbols Fi, = {>,+,-, =, A} U Val

» additional sorts PCP and String
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LCTRS Rp over theory Ints

» values Val = B U Z and theory symbols Fy, = {>,+,:,=,A} U Val
» additional sorts PCP and String
» term signature: e : String 0,1 : String — String alpha, beta : Int — String
start, T, L : PCP test : String x String — PCP
AM_
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LCTRS Rp over theory Ints

» values Val = B U Z and theory symbols Fy, = {>,+,:,=,A} U Val

» additional sorts PCP and String

» term signature: e : String 0,1 : String — String alpha, beta : Int — String
start, T, L : PCP test : String x String — PCP

» constrained rewrite rules

start — test(alpha(n),beta(n)) [n > 0]
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LCTRS Rp over theory Ints

» values Val = B U Z and theory symbols Fy, = {>,+,:,=,A} U Val

» additional sorts PCP and String

» term signature: e : String 0,1 : String — String alpha, beta : Int — String
start, T, L : PCP test : String x String — PCP

» constrained rewrite rules

start — test(alpha(n),beta(n)) [n > 0]

alpha(0) — e alpha(n) — a;(alpha(m)) [N-m+i=nAn> 0]
beta(0) — e beta(n) — Bi(beta(m)) [N-m+i=nAn> 0]
forall ie {1,...,N}
AM_
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LCTRS Rp over theory Ints

» values Val = B U Z and theory symbols Fy, = {>,+,:,=,A} U Val

» additional sorts PCP and String

» term signature: e : String 0,1 : String — String alpha, beta : Int — String
start, T, L : PCP test : String x String — PCP

» constrained rewrite rules
start — test(alpha(n),beta(n)) [n > 0] test(e,e) —» T
test(0(x),0(y)) — test(x,y) test(0(x),1(y)) — L test(0(x),e) — L test(e,0(y)) — L

test(1(x), 1(y)) — test(x y) test(1(x),0(y)) — test(1(x),e) — L test(e,1(y)) — L
alpha(0) — alpha(n) — a,(alpha( ) [N-m+i=nAn>0]
beta(0) — beta(n) — Bi(beta(m)) [N-m+i=nAn> 0]
forall ie {1,...,N}
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constraints belong to decidable fragment of LIA° —> rewrite relation —%, is computable
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constraints belong to decidable fragment of LIA° —> rewrite relation —%, is computable

Rp is locally confluent <= P has no solutions
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constraints belong to decidable fragment of LIA° —> rewrite relation —%, is computable

Rp is locally confluent <= P has no solutions

» constrained critical pairs
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constraints belong to decidable fragment of LIA° —> rewrite relation —%, is computable

Rp is locally confluent <= P has no solutions

» constrained critical pairs

test(alpha(n), beta(n)) ~ test(alpha(m),beta(m)) [n > 0AmMm > 0]
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constraints belong to decidable fragment of LIA° —> rewrite relation —%, is computable

Rp is locally confluent <= P has no solutions

» constrained critical pairs

test(alpha(n), beta(n)) ~ test(alpha(m),beta(m)) [n > 0AmMm > 0]
aj(alpha(m)) =~ aj(alpha(k)) [N-m+i=nAn>0AN-k+j=n]
Bi(beta(m)) = Bj(beta(k)) [N-m+i=nAn>0AN-k+j=n]
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constraints belong to decidable fragment of LIA° —> rewrite relation —%, is computable

Rp is locally confluent <= P has no solutions

» constrained critical pairs

test(alpha(n), beta(n)) ~ test(alpha(m),beta(m)) [n > 0AmMm > 0]
aj(alpha(m)) = aj(alpha(k)) [N-m+i=nAn>0AN-k+j=n]
Bi(beta(m)) = Bj(beta(k)) [N-m+i=nAn>0AN-k+j=n]
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constraints belong to decidable fragment of LIA° —> rewrite relation —%, is computable

Rp is locally confluent <= P has no solutions

» constrained critical pairs

test(alpha(n), beta(n)) ~ test(alpha(m),beta(m)) [n > 0AmMm > 0]
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constraints belong to decidable fragment of LIA° —> rewrite relation —%, is computable

Rp is locally confluent <= P has no solutions

» constrained critical pairs

test(alpha(n), beta(n)) ~ test(alpha(m),beta(m)) [n > 0AmMm > 0]

T if n > 0 encodes solution of P
» test(alpha(n), beta(n)) —*
1 if n > 0 does not encode solution of P
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constraints belong to decidable fragment of LIA° —> rewrite relation —%, is computable

Rp is locally confluent <= P has no solutions

» constrained critical pairs

test(alpha(n), beta(n)) ~ test(alpha(m),beta(m)) [n > 0AmMm > 0]

T if n > 0 encodes solution of P
» test(alpha(n), beta(n)) —*
1 if n > 0 does not encode solution of P

» test(alpha(n), beta(n)) —* L for at least one n > 0 because P is non-trivial
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Lemma

Rp is terminating
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Rp is terminating

RPO (LCTRS version) with precedence

start > test > alpha >beta>1>0>e>T > |
and well-founded order O+ on integers
XJdnyY <= x>yandx=>0

orients rules of Rp from left to right
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Rp is terminating

RPO (LCTRS version) with precedence

start > test > alpha > beta >1>0>e>T > |
and well-founded order O+ on integers
XJdnyY <= x>yandx=>0

orients rules of Rp from left to right

(local) confluence of terminating LCTRSs is undecidable, even if underlying theory is decidable
AM_
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Outline

5. Transformation
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Definition (Transformation)

LCTRS R is transformed into TRS R consisting of

bt — rr

forall p: £ —r [¢] € R and substitutions 7 with 7 E p and Dom(7) = LVar(p)
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Definition (Transformation)

LCTRS R is transformed into TRS R consisting of
bt — rr

forall p: £ —r [¢] € R and substitutions 7 with 7 E p and Dom(7) = LVar(p)

LCTRS R

sum(x) - 0 [x < 0] sum(x) — x+sum(x—1) [x > 0]

is transformed into TRS R

sum(0) — O sum(—1) — 0 sum(—2) — 0
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Definition (Transformation)

LCTRS R is transformed into TRS R consisting of
bt — rr

forall p: £ —r [¢] € R and substitutions 7 with 7 E p and Dom(7) = LVar(p)

LCTRS R
sum(x) - 0 [x < O] sum(x) — x+sum(x—1) [x > 0]
is transformed into TRS R

sum(0) — O sum(—1) — 0 sum(—2) — 0
sum(1l) — 1 +sum(1l—1) sum(2) — 2 +sum(2 — 1)
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Definition (Transformation)

LCTRS R is transformed into TRS R consisting of
bt — rr

forall p: £ —r [¢] € R and substitutions 7 with 7 E p and Dom(7) = LVar(p)

LCTRS R

sum(x) - 0 [x < O] sum(x) — x+sum(x—1) [x > 0]

is transformed into TRS R

sum(0) — O sum(—1) — 0 sum(—2) — 0
sum(1l) — 1 +sum(1l—1) sum(2) — 2 +sum(2 — 1)
1+3 — 4 2—-1-—>1 3>0 — true 2 <0 — false
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Lemma

rewrite relations of R and R coincide
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Lemma

rewrite relations of R and R coincide

Corollary

LCTRS R is terminating <= TRS R is terminating
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Lemma

rewrite relations of R and R coincide

Corollary

LCTRS R is terminating <= TRS R is terminating

termination of TRS R, is easily shown by LPO or dependency pairs
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Lemma

rewrite relations of R and R coincide

Corollary

LCTRS R is terminating <= TRS R is terminating

termination of TRS R, is easily shown by LPO or dependency pairs

Corollary

LCTRS R is confluent <= TRS R is confluent
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rewrite relations of R and R coincide

Corollary

LCTRS R is terminating <= TRS R is terminating

termination of TRS R, is easily shown by LPO or dependency pairs

Corollary

LCTRS R is confluent <= TRS R is confluent

adapt concrete confluence methods for TRSs to LCTRSs via transformation

W universitat )
B hhebruck.  'WC 2024 9]uly 2024 ey 5. Transformation 22720



for every critical pair s ~ t of R there exist constrained critical pair u ~ v [¢] of R and
substitution v suchthat s = uy, t=vy and v F ¢
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for every critical pair s ~ t of R there exist constrained critical pair u ~ v [¢] of R and
substitution v suchthat s = uy, t=vy and v F ¢

converse does not hold:

LCTRS R = {a — x [x = 0]} admits one (trivial) constrained critical pair
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for every critical pair s ~ t of R there exist constrained critical pair u ~ v [¢] of R and
substitution v suchthat s = uy, t=vy and v F ¢

converse does not hold:

LCTRS R = {a — x [x = 0]} admits one (trivial) constrained critical pair

TRS R = {a — 0} has no critical pairs
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for every critical pair s ~ t of R there exist constrained critical pair u ~ v [¢] of R and
substitution v suchthat s = uy, t=vy and v F ¢

converse does not hold:

LCTRS R = {a — x [x = 0]} admits one (trivial) constrained critical pair

TRS R = {a — 0} has no critical pairs

for every constrained critical pair u &~ v [¢] of R and substitution ¢ such that o E ¢
uoc =vo or

there exist critical pair s ~ t of R and substitution ¢ such that uoc = s and to = vé

AM_
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Corollary

R is weakly orthogonal <= R is weakly orthogonal
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Corollary

R is weakly orthogonal <= R is weakly orthogonal

Corollary (Kop & Nishida, FroCoS 2013)

weakly orthogonal LCTRSs are confluent
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Corollary

R is weakly orthogonal <= R is weakly orthogonal

Corollary (Kop & Nishida, FroCoS 2013)

weakly orthogonal LCTRSs are confluent

General Proof Idea

_ S=uoc t=vo
~teCP(R) u=v[p]eCCP(R)

() e )
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more advanced confluence criteria require rewriting of constrained terms and equations
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more advanced confluence criteria require rewriting of constrained terms and equations

Definitions

» 0 Fq ¢ if 0 E ¢ and Dom(o) = Var(y)
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more advanced confluence criteria require rewriting of constrained terms and equations

Definitions

» 0 Fq ¢ if 0 E ¢ and Dom(o) = Var(y)
» constraint ¢ is valid if o] = T for all substitutions ~ such that v(x) € Val for x € Var(y)
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more advanced confluence criteria require rewriting of constrained terms and equations

Definitions

» 0 Fq ¢ if 0 E ¢ and Dom(o) = Var(y)
» constraint ¢ is valid if [oy] = T for all substitutions « such that v(x) € Val for x € Var(y)

» constrained term is pair s [¢] consisting of term s and constraint ¢
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more advanced confluence criteria require rewriting of constrained terms and equations

Definitions

» 0 Fq ¢ if 0 E ¢ and Dom(o) = Var(y)
» constraint ¢ is valid if [oy] = T for all substitutions « such that v(x) € Val for x € Var(y)
» constrained term is pair s [¢] consisting of term s and constraint ¢

» constrained terms s [¢] and t [¢] are equivalent (s [¢] ~ t[«]) if for every substitution
v Eq @ there is substitution § F4 v such that sy = td, and vice versa
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more advanced confluence criteria require rewriting of constrained terms and equations

Definitions

» 0 Fq ¢ if 0 E ¢ and Dom(o) = Var(y)
» constraint ¢ is valid if [oy] = T for all substitutions « such that v(x) € Val for x € Var(y)
» constrained term is pair s [¢] consisting of term s and constraint ¢

» constrained terms s [¢] and t [¢] are equivalent (s [¢] ~ t [« ]) if for every substitution
v Eq @ there is substitution § F4 v such that sy = td, and vice versa

v

sle] == t[y] if sl = o and t = s[ro], for some position p, constrained rewrite rule
¢ —r [¢] in R and substitution o such that o(x) € Val U Var(y) forall x € LVar(p),
@ is satisfiable and ¢ = o is valid
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more advanced confluence criteria require rewriting of constrained terms and equations

Definitions

» 0 Fq ¢ if 0 E ¢ and Dom(o) = Var(y)
» constraint ¢ is valid if [oy] = T for all substitutions « such that v(x) € Val for x € Var(y)
» constrained term is pair s [¢] consisting of term s and constraint ¢

» constrained terms s [¢] and t [¢] are equivalent (s [¢] ~ t [« ]) if for every substitution
v Eq @ there is substitution § F4 v such that sy = td, and vice versa

v

sle] == t[y] if s|, = o and t = s[ro], for some position p, constrained rewrite rule
¢ —r [¢] in R and substitution o such that o(x) € Val U Var(y) for all x € LVar(p),
@ is satisfiable and ¢ = o is valid

» rewrite relation =z on constrained terms is defined as ~ - —>x - ~
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LCTRS R over theory Ints

max(x,y) — x [x = y] max(x,y) = y [y = x]

constrained rewriting

max(l+x,3+y) [x>3Ay=1]
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LCTRS R over theory Ints

max(x,y) — x [x = y] max(x,y) = y [y = x]

constrained rewriting
max(l+x,34+y) [x >3 Ay=1]
~ max(l+x,3+y) [x>3Ay=1Az=1+x]
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LCTRS R over theory Ints

max(x,y) — x [x = y] max(x,y) = y [y = x]

constrained rewriting
max(l+x,34+y) [x >3 Ay=1]
~ max(l+x,3+y) [x>3Ay=1Az=1+x]
— max(z,3+y) [x>3Ay=1Az=1+x]
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LCTRS R over theory Ints

max(x,y) — x [x = y] max(x,y) = y [y = x]

constrained rewriting
max(l+x,34+y) [x >3 Ay=1]
~ max(l+x,3+y) [x>3Ay=1Az=1+x]
— max(z,34+y) [x>3Ay=1Az=1+x]
~ max(z,34+y) [x>3Ay=1Az=1+xAw=3+y]
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LCTRS R over theory Ints

max(x,y) — x [x = y] max(x,y) = y [y = x]
constrained rewriting
max(l+x,3+y) [x>3Ay=1]
~ max(l+x,3+y) [x>3Ay=1Az=1+x]
— max(z,34+y) [x>3Ay=1Az=1+x]
~ x(z3+y) [x>3Ay=1Az=1+xAw=3+y]
ax(z,w) [x>3Ay=1Az=1+xAw=3+y]
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LCTRS R over theory Ints

max(x,y) — x [x = y] max(x,y) = y [y = x]
constrained rewriting

max(l+x,34+y) [x >3 Ay=1]

~ max(l+x,3+y) [x>3Ay=1Az=1+x]
— max(z,34+y) [x>3Ay=1Az=1+x]
~ max(z,34+y) [x>3Ay=1Az=1+xAw=3+y]

— max(z,w) [x>3Ay=1Az=14+xAw=3+y]
— zZ [Xx>3Ay=1Az=14+xAw=3+Yy]
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LCTRS R over theory Ints
max(x,y) — x [x > y] max(x,y) =y [y = x]

constrained rewriting

max(l+x,34+y) [x >3 Ay=1]

max(l+x,3+y) [x>3Ay=1Az=1+x]
— max(z,34+y) [x>3Ay=1Az=1+x]
~ max(z,34+y) [x>3Ay=1Az=1+xAw=3+y]
— max(z,w) [x>3Ay=1Az=14+xAw=3+y]
— zZ [Xx>3Ay=1Az=14+xAw=3+Yy]
~ z [x>3ANz=1+x]

~
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IWC Quiz ©

which years was CoCo not part of IWC ?

who published the second most papers at IWC (excluding CoCo tool papers) ?
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IWC Quiz ©

which years was CoCo not part of IWC ?

who published the second most papers at IWC (excluding CoCo tool papers) ?

who are the most frequent PC members at IWC ?
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6. Confluence Results
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Kop & Nishida (FroCoS 2013)

common analysis techniques for term rewriting extend to LCTRSs without much effort

Confluence Methods for LCTRSs
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Kop & Nishida (FroCoS 2013)

common analysis techniques for term rewriting extend to LCTRSs without much effort

Confluence Methods for LCTRSs (1JCAR 2024)
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» multi-step relation -+ on constrained terms for LCTRS R is defined inductively as follows:

@ x[¢] = x[¢] forall variables x

@ f(s1,...,5n) [p] = f(tr, ..., tn) [¢] if si[e] =>ti[¢] forall 1 <i<n

® lo[p]=rrr[@]if p:l—r [YV] € R, 0(x) [¢] =+ 7(X) [¢] forall x € Dom(o),
o(x) € Val U LVar(p) for all x € LVar(p), ¢ is satisfiable, and ¢ = o is valid
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» multi-step relation -+ on constrained terms for LCTRS R is defined inductively as follows:

@ x[¢] = x[¢] forall variables x

@ f(s1,...,5n) [p] = f(tr, ..., tn) [¢] if si[e] =>ti[¢] forall 1 <i<n

® lo[p]=rrr[@]if p:l—r [YV] € R, 0(x) [¢] =+ 7(X) [¢] forall x € Dom(o),
o(x) € Val U LVar(p) for all x € LVar(p), ¢ is satisfiable, and ¢ = o is valid
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LCTRS R over theory Ints
max(x,y) = x [x > y] max(x,y) =y [y = x]

constrained rewriting
max(1+x,3+y) [x>3Ay=1]
~ max(l+x,3+y) [x>3Ay=1Az=1+x]
— max(z,34+y) [x>3Ay=1Az=1+x]
~ max(z,3+y) [x>3Ay=1Az=14+xAw=3+y]
— max(z,w) [x>3Ay=1Az=1+xAw=3+y]
= Z [x>3Ay=1Az=1+xAw=3+y]
~ z [x>3ANz=1+x]

multi-step rewriting

max(l+x,34+y) [x>3Ay=1] = z [x>3ANz=1+x]
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» multi-step relation -+ on constrained terms for LCTRS R is defined inductively as follows:

@® x [¢] = x [¢] for all variables x
@ f(s1,...,5n) [p] = f(ts, ..., tn) [¢] if si[e] => ti[¢] forall 1 <i<n
® lo|p]l->rr[elif p:l—r [¥] € R, o(x) [¢] = 7(X) [¢] forall x € Dom(o),
o(x) € Val U LVar(p) for all x € LVar(p), ¢ is satisfiable, and ¢ = o is valid
b S = e e~
» constrained critical pair s = t [¢] is

» development closed if s~ t[¢] =+, u~v[¢] for some trivial u =~ v [¢]
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» multi-step relation -+ on constrained terms for LCTRS R is defined inductively as follows:

@ x[¢] - x[p] forall variables x
@ f(s1,...,5n) [@] = f(t1,....tn) [@] if Si[@] = ti[¢] forall 1 <i<n
® lo[p]—=-rrr[e]ifp:l—r [Y] € R, a(x)[¢] = 7(X) [¢] forall x € Dom(o),
o(x) € Val U LVar(p) for all x € LVar(p), ¢ is satisfiable, and ¢ = o is valid
b S = e e~
» constrained critical pair s = t [¢] is
» development closed if s~ t[¢] =+, u~v[¢] for some trivial u~ v [¢]

» almost development closed if it is no overlay and development closed, or it is overlay and
s~ t[p] =g =%, umv[y] for some trivial u~ v [¢]
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» multi-step relation -+ on constrained terms for LCTRS R is defined inductively as follows:

@® x [¢] = x [¢] for all variables x
@ f(s1,...,5n) [p] = f(ts, ..., tn) [¢] if si[e] => ti[¢] forall 1 <i<n
® lo[p]—=-rrr[e]ifp:l—r [Y] € R, a(x)[¢] = 7(X) [¢] forall x € Dom(o),
o(x) € Val U LVar(p) for all x € LVar(p), ¢ is satisfiable, and ¢ = o is valid
b S = e e~
» constrained critical pair s = t [¢] is
» development closed if s~ t[¢] =+, u~v[¢] for some trivial u~ v [¢]
» almost development closed if it is no overlay and development closed, or it is overlay and

s~ t[p] =g =%, umv[y] for some trivial u~ v [¢]

» LCTRS is (almost) development closed if all its critical pairs are (almost) development closed

AM_
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LCTRS R over theory Ints

fx,y) = h(a(y,2-2)) [x<yAy=2] g(xy) = 9(y,x) h(x) — x
f(x,y) = c(4,x) [y <x] c(x,y) = 9(4,2) [x#y]
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LCTRS R over theory Ints

fx,y) = h(a(y,2-2)) [x<yAy=2] g(xy) = 9(y,x) h(x) — x
f(x,y) = c(4,x) [y < x] c(x,y) — 9(4,2) [x#y]

has two constrained critical pairs with constraint ¢ = (x <y Ay =2 Ay < X)

h(g(y,2-2)) = c(4,x) [¢] c(4,x) = h(g(y,2-2)) [¢]
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LCTRS R over theory Ints

fx,y) = h(a(y,2-2)) [x<yAy=2] g(xy) = 9(y,x) h(x) — x
fix,y) = c(4,x) [y < x] c(x,y) = 9(4,2) [x#y]

has two constrained critical pairs with constraint ¢ = (x <y Ay =2 Ay < X)

h(g(y,2-2)) = c(4,x) [¢] c(4,x) = h(g(y,2-2)) [¢]

which are almost development closed:

h(a(y.2-2)) =~ c(4.x) [¢] c(4,x) ~ h(g(y,2-2)) [¢]
<1 9(4,2) = c(4,x) [x=2] <51 9(4,2) =~ h(g(y,2-2)) [y =2]
S 9(4,2) ~ g(4,2) [true] =% 9(4,2) ~ g(4,2) [true]
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https://ari-cops.uibk.ac.at/ARI/?d=ARI&q=lctrs

confluent LCTRSs —,

WO
SC
» linear strongly closed LCTRSs are confluent CADE 2023
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» linear strongly closed LCTRSs are confluent CADE 2023
» left-linear almost parallel closed LCTRSs are confluent CADE 2023
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confluent LCTRSs —,

~

ADC WO APC

» linear strongly closed LCTRSs are confluent

CADE 2023
» left-linear almost parallel closed LCTRSs are confluent CADE 2023
» left-linear almost development closed LCTRSs are confluent IJCAR 2024
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https://ari-cops.uibk.ac.at/ARI/?d=ARI&q=lctrs

confluent LCTRSs —,

~

ADC WO  APC PCP

C_ scr—— )

» linear strongly closed LCTRSs are confluent CADE 2023
» left-linear almost parallel closed LCTRSs are confluent CADE 2023
» left-linear almost development closed LCTRSs are confluent IJCAR 2024
» left-linear LCTRSs with parallel closed parallel critical pairs are confluent IJCAR 2024
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» linear strongly closed LCTRSs are confluent CADE 2023
» left-linear almost parallel closed LCTRSs are confluent CADE 2023
» left-linear almost development closed LCTRSs are confluent IJCAR 2024
» left-linear LCTRSs with parallel closed parallel critical pairs are confluent IJCAR 2024
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103 LCTRSs in ARI database
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» linear strongly closed LCTRSs are confluent CADE 2023
» left-linear almost parallel closed LCTRSs are confluent CADE 2023
» left-linear almost development closed LCTRSs are confluent IJCAR 2024
» left-linear LCTRSs with parallel closed parallel critical pairs are confluent IJCAR 2024
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» LCTRS R over theory Ints

f(x) = 9(x) 9(x) = h(2) [x=22]
f(x) = h(x) [1<x< 2] g(x) = h(1) [x=2z+1]
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» LCTRS R over theory Ints
f(x) = 9(x)
f(x) = h(x) [1<x< 2]
» TRS R
f(1) — h(1)
f(2) — h(2)

f(x) = a(x)

a(x) = h(2) [x = 22]
g(x) = h(1) [x=2z+1]

g(n) — h(1) forallodd ne Z
g(n) — h(2) foralleven ne Z
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» LCTRS R over theory Ints
f(x) = 9(x)
f(x) = h(x) [1<x< 2]
» TRS R
f(1) — h(1)
f(2) — h(2)

f(x) = a(x)

has two (modulo symmetry) critical pairs

9(1) = h(1)

a(x) = h(2) [x = 22]
g(x) = h(1) [x=2z+1]

g(n) — h(1) forallodd ne Z
g(n) — h(2) foralleven ne Z

9(2) =~ h(2)
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» LCTRS R over theory Ints

f(x) = 9(x) 9(x) = h(2) [x=22]
f(x) = h(x) [1<x< 2] g(x) = h(1) [x=2z+1]
» TRS R
f(x) — g(x) f(1) — h(1) g(n) — h(1) forallodd ne Z
f(2) — h(2) g(n) — h(2) foralleven ne Z

has two (modulo symmetry) critical pairs
9(1) =~ h(1) 9(2) =~ h(2)

» R is almost development closed since g(1) -+ h(1) and g(2) - h(2)
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» LCTRS R over theory Ints

f(x) = 9(x) 9(x) = h(2) [x=22]
f(x) = h(x) [1<x< 2] g(x) = h(1) [x=2z+1]
» TRS R
f(x) — 9(x) f(1) — h(1) g(n) — h(1) forallodd ne Z
f(2) — h(2) g(n) — h(2) foralleven ne Z

has two (modulo symmetry) critical pairs
9(1) =~ h(1) 9(2) ~ h(2)
» R is almost development closed since g(1) -+ h(1) and g(2) - h(2)
» constrained critical pair
g(x) = h(x) [1<x<2]

of R is not almost development closed
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Confluence Methods for TRSs
critical pair closing systems decreasing diagrams development closed critical pairs

parallel closed critical pairs
simultaneous critical pairs
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Confluence Methods for LCTRSs
development closed critical pairs
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» confluence methods are implemented in crest (Jonas Schopf)
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common analysis techniques for term rewriting extend to LCTRSs without much effort

Conclusion

» confluence analysis of LCTRSs is complicated

M universitat i
niversitat 1wc 2024 9 July 2024 o> 7. Final Remarks 38/40



» confluence methods are implemented in crest (Jonas Schopf)
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Conclusion
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» crest participates in LCTRS category of Confluence Competition 2024 (later today)

Kop & Nishida (FroCoS 2013)

common analysis techniques for term rewriting extend to LCTRSs without much effort

Conclusion

» confluence analysis of LCTRSs is complicated and thus interesting

» automation for LCTRSs is non-trivial
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» confluence methods are implemented in crest (Jonas Schopf)

» crest participates in LCTRS category of Confluence Competition 2024 (later today)

Kop & Nishida (FroCoS 2013)

common analysis techniques for term rewriting extend to LCTRSs without much effort

Conclusion

» confluence analysis of LCTRSs is complicated and thus interesting
» automation for LCTRSs is non-trivial

» defining format for representing LCTRSs is 355 @&f =2¢
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IWC Quiz ©

which years was CoCo not part of IWC ?
2018 (FSCD) 2019 (TOOLympics @ TACAS)

who published the second most papers at IWC (excluding CoCo tool papers) ?

who are the most frequent PC members at IWC ?
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IWC Quiz ©

which years was CoCo not part of IWC ?
2018 (FSCD) 2019 (TOOLympics @ TACAS)

who published the second most papers at IWC (excluding CoCo tool papers) ?
Nao Hirokawa

who are the most frequent PC members at IWC ?
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IWC Quiz ©

which years was CoCo not part of IWC ?
2018 (FSCD) 2019 (TOOLympics @ TACAS)

who published the second most papers at IWC (excluding CoCo tool papers) ?
Nao Hirokawa

who are the most frequent PC members at IWC ?

Cyril Chevanier Sarah Winkler

AM_
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14th International School on Rewriting (ISR 2024)
August 25 — September 1

Obergurgl

http://cl-informatik.uibk.ac.at/isr24/
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